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Table 1 Fuzzy logic rule base

Xest
2

Negative Positive
X est

4 Negative small Zero small Positive

Positive Very small Small Medium Small Very small
Positive small Very small Medium Large Medium Very small
Zero Medium Large Extra large Large Medium
Negative small Very small Medium Large Medium Very small
Negative Very small Small Medium Small Very small

been successfully employed, for example, using

R D 1; Q D 100I ; 2 D 1; 4 D I (8)

a single reduced controller, designed around the maximal dynamic
pressure point, stabilizes all 24 points of the full-order model.
Figure 2 presentsrepresentativeresultswith a sixth-ordercontroller.

IV. Fuzzy Logic Control
A fuzzylogiccontrollerfor thedesignpointofmaximumdynamic

pressure was designed. Let the control u be of the form

u D ¡K3 ¢ Px10; Px9 D x10

Px10 D K1 ¢ . Ox4 ¡ x10/ ¢ .Kfuzz/
K4 C K2 ¢ .Ox2 ¡ x9/ ¢ Kfuzz (9)

where x9 and x10 are the controller states; K1 D 40:375, K2 D
2697:9, K3 D 2300, and K4 D 0:85 are constant parameters deter-
mined by the tuning process; Kfuzz is a time-variable gain deter-
mined by a fuzzy logic control algorithm; and Ox2 and Ox4 are the
estimates of the state variables x2 and x4, respectively.

The fuzzy controller is implementedas a 25-rule Mamdani fuzzy
system with two inputs and one output (see Table 1). The two inputs
are the estimates of the state variables x2 and x4 and the output is
Kfuzz .

Five membershipfunctionsare used to describeeach of the inputs,
namely, positive, small positive, zero, small negative, and negative.
Kfuzz is represented by very small, small, medium, large, and ex-
tra large. The respectivemembership functions for the input/output
parameters are obtained after a tuning process.

The fuzzy adaptation strategy is based on rules of the form
IF/THEN that convert inputs to a single output, that is, conver-
sion of one fuzzy set into another. The design is based on previous
experience,8 whereby large values of the inputs require a lightly
damped system. However, when the plant state is in the vicinity of
the desired state, the damping gain is large.

For aggregationwe employ the boundedsum method, and for de-
fuzzi� cation we use the center-of-areascheme.The valuesof x2 and
x4 are estimatedusing a full-orderLuenbergerobserverbasedon the
measurement y. The closed-loop response for all 24 design points,
using a single controller,was stable.Figure 3 presents represenative
results.

V. Conclusions
NASA Langley Research Center’s benchmark model was em-

ployed for the development and evaluation of three types of con-
trollers for � utter supression.Of the two linear controllers, the full-
order is superior in performance, but requires signi� canly higher
amount of control effort. The fuzzy logic controller performance
resembles those of the reduced-order linear controller.
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Optimal Trajectory Analysis for
Deployment/Retrieval of Tethered

Subsatellite Using Metric
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I. Introduction

T ETHERED subsatellite systems are attractive space structure
components by which to construct large space structures be-

cause they are light in weight, packaged compactly, and sturdy in
high tensile strength. The length of tether can be as long as 100 km
in a scienti� c mission, which needs safe and smooth control for the
deployment and retrieval of the tethered subsatellite.1

Fujii and Ishijima2 have proposeda control algorithm to close the
control loop stabilizingasymptoticallythe deploymentand retrieval
maneuver of the tethered subsatellite.Fujii and Anazawa3 have also
obtainedan optimalpath in the sense that the time integralof squared
tension plus the squared in-plane angle is the performance index
with inequality constraints on the control tension. Such optimal
trajectories for the tethered subsatellite are studied in literatures3;4

becausethey havemuch criticalimportancefor controlof suchspace
systems.

The present Note is devoted to obtain an optimal trajectory in
the geometric approach by connecting the initial position and � -
nal desirable position of the tethered subsatellite by the shortest
length. The optimal index is clearly de� ned as the length of tra-
jectories with suf� cient physical meaning. The optimal path is a
“straight line” measured by the Riemann metric because the orbit-
ing tethered system is in the force � elds of gravitation and orbital
rotation. Minimizing the length of the trajectory of the subsatellite
implies a process of � nding a straight line to connect two positions,
that is, a natural path for deployment/retrieval expected to be pro-
cessed in minimum time and effort when only the length of tether is
controlled.

The tethered subsatellite system is simpli� ed in this analysis to
a planer space pendulum, which consists of a particle and a tether
without � exibility and is affected only by gravity-gradient torque.
The present simple model is effectively employed to obtain a ref-
erence trajectory for any compensationcontrol algorithmof a more
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complicatedsystem with tether � exibilityand out-of-planemotion.4

The initial state of the tethered subsatellite is in vertical position
with rotation zero, and its objective � nal state is also in vertical
position having both the rotation and rotational velocity at zero.
Deployment and retrieval procedures are thus described as closed
trajectories connecting the origin of phase plane of the rotation of
tether because the trajectoriesdeviate from the origin in the Coriolis
effect in maneuvering deployment/retrieval.

Optimal trajectories are obtained by numerical analysis in the
cases of deployment and retrieval, and real time is transformed to
a nondimensional time in the process of the analysis taking into
consideration the constraint on the � nal real time.

The desired trajectory of minimum length is a straight line con-
necting the initial and � nal positionsof the subsatelliteif there is no
dynamical environment affecting the system, but is different from
the straight line becauseof the presenceof the Coriolis force, which
is the effect of rotational � eld on the deploymentand retrievalof the
tethered system. The optimal trajectories obtained for the deploy-
ment and retrieval process of the tethered subsatellite are shown to
be symmetric to the vertical line because we are seeking a straight
line, or the geodesic, which connects two dynamically equivalent
states in the shortest path.

II. System Description
A model of the tethered subsatellite system treated in this Note is

a gravity-gradientstabilizedtetheredsubsatellite,as shown in Fig. 1.
The subsatellite of mass m is assumed to be connected through a
massless tether of length ` to a mother satellite, represented by the
space shuttle in the � gure. The center of mass of the mother ship
C is assumed to follow a circular orbit with the angular velocity
Ä affected only by the gravitation of the center of attraction O .
Rotation of the tether in the orbital plane is denoted by µ in which
only the planar motion in the orbital plane is considered.

The tethered subsatellite sets its equilibrium position along the
line that connects the center of attraction towards the center of mass
of the mother ship C , that is, along the X axis. This is becausetether
tension acts through the tether line and can only compensate for the
difference between the orbital centrifugal force and the gravity of
attractionalong this line of equilibrium.The process of deployment
or retrieval of the tethered subsatellite induces a velocity along the
tether line, and the Coriolis effect naturally forces its position to
deviate from the equilibrium line. Thus the process aims to alter
an equilibrium position to another position with different length of
the tether by controlling tether length. Deployment and retrieval
control is recognized throughout in this Note as a process to place
the position of the subsatellitefrom a state with `.0/ D `0, µ.0/ D 0,
and Pµ.0/ D 0 to another state also with `.t f / D ` f , µ.t f / D 0, and
Pµ.t f / D 0. Dynamics of the present system is an effect of both of the

Fig. 1 Tethered subsatellite system.

rotating force � eld of the orbital motion and the gravitational force
� eld caused by the center of attraction. The dynamics is nonlinear
in the rotation and is also time varying nonlinear as a result of the
time variation of the tether length.

III. Generated Dynamical System
Equations of motion of the subsatellite are written as follows:

R̀ ¡ ` Pµ 2 ¡ 2` Pµ ¡ 3` cos2 µ D ¡.T=mÄ2/ (1a)

Rµ C 2. P̀=`/ Pµ C 3 sin µ cos µ C 2. P̀=`/ D 0 (1b)

where T is the tension acting through the tether and the overdot
denotes differentiationwith respect to a normalized time t¤ D Ät.

Let us consider only the equation of motion for rotation among
Eqs. (1), and let the control variable be

u.t/ :D 2. P̀=`/ (2)

then we are concernedonly with the following equation of motion:

Rq C u Pq C 3 sin q cosq C u D 0 (3)

where q :D µ is used to denote the rotation.The precedingrotational
motion depends on time t¤ explicitly, and we de� ne time t¤ as a
function of a new independent variable ¿ as follows:

dt¤

d¿
D `0 exp

Á
1

2

Z t¤

0

u dt

!
D `.t¤/ (4)

Employing this transformation of the independent variable into
Eq. (3), a new dynamical system is formed with the following
function:

q 00 C .`0=`/q 0 C 3`2 sinq cos q C 2`0 D 0 (5)

where the overdash denotes the differentiationwith respect to ¿ .

IV. Trajectory Generator
In this Note the optimal trajectory is sought to minimize the fol-

lowing performance index J of the Riemann metric:

J D
1

2

Z t D t f

t D 0

. P̀2 C `2 Pµ 2/ dt D
1

2

"Z
¿ D ¿ f

¿ D 0

³
`02

`
C `q 02

´
d¿

#

(6)

with the nonholonomicconstraintsof equations of motion, Eq. (5).
The optimal index is clearly de� ned with suf� cient physical

meaning. The length of the trajectories in the orbital plane con-
necting the initial and � nal positions and the performance index,
Eq. (6), denotes the real length of the trajectory in the orbital plane
for the subsatellite to follow.

By de� ning p as p D q 0 and considering Eqs. (5) and (6),
Lagrangian L¤ for the vakonomic mechanics is then obtained as
follows:

L¤ D 1
2 .`02=` C `q 02/ C ¸1.¿ /.q 0 ¡ p/

C ¸2.¿ /[p0 C .`0=`/q 0 C 3`2 sinq cos q C 2`0] (7)

where ¸1.¿/ and ¸2.¿ / are the Lagrange multipliers. Generalized
momentum corresponding to the generalized coordinatesq , p, and
` are de� ned as follows:

pq :D
@L¤

@q 0 D `q 0 C ¸1 C ¸2
`0

`
; pp :D

@L¤

@p0 D ¸2

p` :D
@L¤

@`0
D `0

`
C ¸2

q 0

`
C 2 (8)

with ¸1 D pq ¡ `q 0 ¡ ¸2.`
0=`/ and ¸2 D pp . The corresponding

Hamilton function is introduced as

H ¤ D pq q 0 C pp p0 C p``
0 ¡ L¤ (9)
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and then, the optimal trajectory is generated through solving
the two-point boundary-value problem governed by the following
Hamilton equations:

q 0 ´ @ H ¤

@pq
D p (10a)

p0 ´ @ H ¤

@pp
D ¡p` p ¡ 3

2
`2 sin2q C

pp

`
p2 ¡ 2p` C 4pp p C 4pp`

(10b)

`0 ´ @ H ¤

@p`

D ¡pp p ¡ 2pp` C p`` (10c)

p0
q ´ ¡ @ H ¤

@q
D 3pp`2 cos 2q (10d)

p0
p ´ ¡ @ H ¤

@p
D p` pp ¡

p2
p

`
p ¡ 2p2

p C `p ¡ pq (10e)

p0
` ´ ¡ @ H ¤

@`
D 3pp` sin 2q C 2pp p` ¡ 2p2

p

¡ 1

2
p2

` C 1

2
p2 C

p2
p p2

2`2
(10f)

associated with the initial and � nal conditions for q , p, and `.
The time response of tether length with respect to ¿ is obtained

by solving numerically the preceding two-point boundary-value
problem, and the � nal time t¤

f is speci� ed by integrating Eq. (4)
from 0 to ¿ f with respect to ¿ . The � nal time of the new inde-
pendent variable ¿ f must be appropriately chosen in the present
formulation if the constraint on the normalized time t¤

f is taken into
consideration.

V. Numerical Analysis and Results
Geodesic is sought for a closed trajectory in the phase space

(q, q 0), which starts from the origin of the phase plane and returns
to the origin satisfying the set of the ordinary differentialequations,
Eq. (10). The length of tether is treated in the nondimensionalman-
nerwith respect to the � nal/initial lengthof the deployment/retrieval
processand is controlledto deploy/retrievefroman initial length to a
� nal objective length of 10 times/one-tenth of the initial length.The
time period necessary to complete the deployment/retrieval process
is set at one orbit. The closed trajectories are shown as the projec-
tion in the phaseplane of tether rotation in Fig. 2. Trajectoriesof the
tethered subsatellite by the present control of trajectory generation
are shown in Fig. 3 in the orbital plane of X -Y coordinates, and
trajectories are seen to be a smooth curve connecting the starting

Fig. 2 Trajectories in the phase space of tether rotation: ——, deploy-
ment and – – –, retrieval.

Fig. 3 Trajectories of the tethered subsatellite in the orbital plane:
——, deployment and – – –, retrieval.

and the terminating points. We thus understand that the trajectory
obtained in the present analysis is a straight line, or the geodesic,
connecting the initial and the objective � nal positions in which both
the rotation and its velocity are zero.

Symmetry of trajectories for deployment and retrieval is clearly
seen with respect to the vertical line in the orbital plane. The sym-
metry is understood to be natural because we are looking for a
straight line connecting the initial vertical position and the objec-
tive � nal position in the effect of the rotational and gravitational
� eld of orbital motion of the tethered satellite system employing a
geometrical approach. The deployment and retrieval processes are
only a natural manipulation of a dynamical system to transfer from
an initial state to a � nal state where both states are along the vertical
line.

VI. Conclusions
The optimal trajectory has been studied for the deployment and

retrievalof a tetheredsubsatellite.The tetheredsubsatellitesystemis
simpli� ed to a space pendulum affected by gravity-gradient torque
and librates in response to a command for a variation of length of
the tether. The trajectory of the subsatellite is obtained by changing
tether length for deployment and retrieval of the subsatellite while
the tethered subsatellite is initially on the vertical line and then is
recurring to the objective � nal state on the vertical line but different
in the lengthof tether.The performanceindexof theoptimalproblem
is selectedas the Riemann metric to measure the length of trajectory
of the subsatellite in the orbital plane.

The optimal trajectorieshave been obtainednumerically by solv-
ing the two-point boundary-valueproblem for deployment and re-
trieval. Symmetry of the trajectories in deployment and retrieval
process is naturally shown from the present approach of the geo-
metrical method.
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